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Candidates should answer in their own words and adhere to the word limit as practicable. 
All symbols are of usual significance. 

GROUP-A 

3x4 12 
1. Answer any four questions from the following: 

(a) If f:[a, b] R has derivative at ce (a, b) then prove that 3 d>0 and M>0 

such that Sx)-fc)|< M|x-c|, Vx e N,(c). 

(b) Let (X, d) be a metric space and S(AUB) s S(A)+5(B) + d(4, B), where 8 

designates the diameter of the set. 

(c) Use sequential criterion of continuity to prove that the function fdefined on R 

by, 
xEQ 

S)=10. xE R 

is discontinuous at every point ceR. 

(d) Prove that between any two real roots of the equation e sin x +1=0 there is at 

least one root of tanx+1 =0. 

0, if 0<a<l 
b, if a>l (c) Show that lim a* sin -

ID 

() Let f:-1, 1]> Rbe defined by 

xe-1,0] 
fo)- xE[0,1] 

Does there exist a funetiong such that g'(x) = f(x), xE[-1, 1). 

GROUP-B 

6x4 24 
2 Answer any four yuestions from the following 

(a) (i) If'a function f:la, bj-> R be contimuous on [a, b] and injective on [a, b1, 
then f is strictly monotone on la, b]. 
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2 i) A function f: RR satisfies the condition |f)-f)1s|x-»f for 
all x, yER. Prove that f is a constant function on R. 

Show that if h be the height of a closed cylinder of given volume V and least 
surface area S, then the diameter is equal to h. 

(b) () 

2 i) If s0)=f0)=0 and f"lx) exists in 0sxsh, prove that 3c with 

S)=*S), 0<c<h. 

6 (c)Show that lim = where 6 is given by, 
n+1 h0 

Sla+h) f(a)+ if"(a)+fa)+ C-1)1a)+la+0h) 
n! 

provided that f"* is continuous at a and f"* (a) * 0. 

6 (d) Let fp be the set of all real sequences for which x |P<o and a metric d in fp 

VP 
is defined by d(x, y)=|2x-v, P ,Vx=x} and y={y}etp. Then 

prove that the space (p, d) is complete metric space. 

(e) ) Let f:[a, b] R be differentiable at an interior point C of [a, b]. Let 

a,}. {P,} be two sequences satisfying a < a, <C< B, <b for all neN, 

both converge to C. Prove that lim Pn)IG)_ f(C 
B-

(i) If 
Xa 

lim f(x) = l + 0, then prove that 3 8 > 0 such that ||<|Sx)|<|/| 
where 0<x-a|<6. 

6 in a, b] and (The functionsf. 4. S, ¢ are 
Sx)#'(x)-f'(x)G(x) #0, Vx e [a, b]. Show that between any two roots of 
f(x)= 0 in the interval lies one root of d(x) = 0 and conversely. 

all continuous 

GROUP-C 

12x2 24 3. Answer any two questions from the following: 
(a) i) Let (Y, d') be a subspace of a metric space (X, d). Prove that a set AcY 

is open in (¥, d') if and only if 3 an open set G in (X, d) such that 
A = GnY. 

(i) Let a function f:[a, co)> R be twice differentiable on [a, co) and there 
ist positive real numbers A and B such that |S(x)|S 4, |S')|sB for 

all xe la, oo). Prove that |S'*)|s 2N AB, Vxela, o). 
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3 defined by (ii) Find the points of discontinuity of the function f 

sin(nlx) xE R. xE R. f(x) = lim lim-JT) 
n- 0 sin*(n! Tx) + 

6 

admits of a continuous extension to R if and only ifÍ be uniformly 
continuous on (a, b). 

(b) )Let a function f be continuous on an open bounded interval (a, b). Then f 

6 (i) If f:[a, b]> R be differentiable on [a, b], then prove that the derived 

function f cannot have a jump discontinuity on [a, b]. 

5 (c) (i) If f is differentiable on [0, 1]. Show by Cauchy's Mean Value theorem that 

the equation f(1)-f(0)= has at least one solution in (0, 1). 
2x 

1 (ii) Prove that two metrics d and d, on a non-empty set X are equivalent if 

there exist two positive real numbers a, B such that for all x, yeX, 
ad, x, y) sd(x, y) s pd, (x, y). 

6 (d) () Find Taylor's series expansion of f(x) =(1+x)", xeR for different values 

of m. 

6 
(ii) State and prove Darboux's theorem. 

X-


